Proton-proton cross-sections: the interplay between density and radius 
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Abstract 

We argue that there are two mechanisms responsible for the growth of high energy cross-sections - ctio, and o-gi, 
say - in pp collisions. One is by the increase of matter density, resulting in the black disk saturation. The other is 
exclusively by radial expansion affecting the periphery of the overlap area. Within this simple model we can reproduce 
all available data in pp from ISR to LHC. In order to achieve a fast growth in the very high energy cosmic ray energies, 
we propose a fast black disk saturation followed by the dominance of geometric scaling (GS). 

Keywords: Proton-proton cross-sections. Effective Radius, Density, Grey disk model 
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At high energy, or at high density, saturation occurs 
as a consequence ofphase-space overcrowding of QCD 
matter iH ll H, 0, El . Unitary bounds may as well 
impose saturation and the possible reduction of particle 
multiplicities ||7[]. As an example we have the black disk 
limit 11, 



lmFib,s) < 1, 



(1) 



where ImF(b, s) is the imaginary part of the elastic 
amplitude F{b, s), b being the impact parameter and s 
the square of the centre of mass energy. 

In the string percolation model - see [8] for a compar- 
ison between string percolation and the color glass con- 
densate - we have for the average number of elementary 
collisions. 
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where Y is the beam rapidity, F = In ( sfs/mp). 



(2) 

and 
A a parameter, 0.2 < A < 0.3, related to deep inelas- 
tic scattering [9] and to energy-momentum conservation 
ilOll . Note that in (|2]i we assume that as F — > 0, v — > 1. 
However due to string percolation f 1 1] the particle den- 
sity is not proportional to v but rather proportional to 
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where a depends on the nature of produced particles, 
with a a: 1 for charged particle production. In figure [T] 
we test the validity of ^ comparing it with pp(p) data, 
from V^ ~ 10 GeV to LHC energy ( a/I = 7 TeV) iH, 



Il3[ Il4l llSh as well as with the most used hi gh e nergy 
hadronic interaction models IH [13, H [SlISl. We 
obtain a - 0.8 and A - 0.23. 
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Figure 1 : Charged multiplicity at pseudorapidity rj = \\% fl^ UA. 
[lal . The colored lines show the evolution for different high energy 
hadronic interaction inodels fla, [171 [la . [1911 while the dotted line is 
obtained from the fit to the equation {3)- 



We want next to relate the number of collisions and 
particle densities to IvaFib, s) and cross-sections mak- 
ing use of a grey disk model and neglecting real part 
contributions: 
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(TtoAs) = 2n cP-b\mF(s,b) -^ 2n(l - e 
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CTindis) = crUs) - crjs) ^ n(l - e-^''^'^)RHs), (6) 

where Q(s) is the opacity and 7?(i) is the effective 
cross-section radius. Note that < Q < oo, or, 
< F(s, b) < I, and that Q is averaged in b. 

It is important to notice that there are two mecha- 
nisms to increase crig,{s) and (Teiis): by expanding the 
cross-section disk, i.e., by increasing R{s), or by in- 
creasing matter density, with an approach to the black 
disk, by increasing Q.{s). Moreover, the ratio a-ei{s)lo-tot 
is just a function of Q(.s), 
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Let us consider all the data from ISR to LHC (yfs ~ 
20 GeV to 7 TeV) lHHIHIIlliilal, see figureEl The 
data points at V^ = 200 GeV and 900 GeV, which ap- 
pears as unfilled circles in the plots, were left out of 
the present analysis as the cross-sections were obtained 
through the extrapolation of the low energy data 12311 . 
However their impact to the fits was checked and found 
to be negligible. There are clearly two different regions. 
Up to ^fs ~ 100 GeV a-gilcr,,,, is constant while above 
this ratio grows as In V^. Relating the number of colli- 
sions to Q. making the assumption 

v(s) = e'^"^'' ^ 1 -t- kliis) + ... (8) 

(Q — > 0, V — > 1 and O — > oo, v — > oo ), and using ^ 
we obtain 



- 2 

Q.(s) = -AY, 
k 



(9) 



O does increase with In V^ and a good fit to the re- 
gion ^/s> 100 GeV is thus obtained, (/t = 5.52 + 0.15). 
Note that the relation v ~ Q., instead of dS), does not 
agree with data for the observed value of A. 

If we look now at the ISR data (20 - 60 GeV) - left 
hand side of figure |2]- we see that ([8]) and (|9]) obviously 
do not apply, as 
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Figure 2: Elastic over total cross-section as a function of ^/s. The full 
line shows the best fit within this model. The data points used to per- 
form the fit are shown as filled circles (see text for details). Moreover, 
notice the transition at V? ~ 160 GeV. The red (dashed) line shows 
the same model with smooth transitions. 



Thus there are two regimes: one, corresponding to 
approach to the black disk, where equation (|9]i applies; 
the other, corresponding to a constant value of cr^;/cr,o,. 
Geometric Scaling (GS) 11261 12711 . Note that asymptoti- 
cally as Q.(s) — > oo one recovers GS and the results of 

SB. 
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Figure 3: Total cross-section as a function of ^fs. The full line is the 
model best fit. The data points used to perform the fit are shown as 
filled circles (see text for details). The red (dashed) line shows the 
same model with smooth transitions. 



The radial expansion is controlled by the function 
R(s). We shall consider two terms: Rq, which is a con- 
stant presumably related to the valence quark content 
of beam and target particles, and a /3log{s/so) term, 
inspired on the universal behaviour first predicted by 
Heisen berg |30, 31], and compatible with the Froissart 



Q = const = 0.4298 ± 0.0024 



(10) bound Oalsil , such that 



Ris) = Ro+p\og\- 



(11) 



In fi gure [3] we show our fits to data on crior(s) 1121 , 
I22I I23I I24J, |34|], with the expectations at LHC, for pp 
Cfoti ^/s - 14 TeV). The preferred parameters are Rq - 
2.52 ± 0.02 GeV-i, for pp collisions, and^ = 0.067 ± 
0.002 GeV '. In this fit V^ = 10 GeV, and the k- 
parameter was fixed to the value obtained in figure |2] 
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Figure 4: Inelastic cross-section as a function of s/s. The full line is 
obtained from equation |6]with all parameters fixed from the previous 
fits. The new experimental points at ^fs = 1 TeV from CMS 1331 . 
ATLAS |36], ALICE 137] and TOTEM 125] (left to righ in the plot) 
are shown together with the statistical (full line) and systematic errors 
(dotted). The point at V? = 57 TeV is from the Pierre Auger Collabo- 
ration 13411 . The red (dashed) line shows the same model with smooth 
transitions. 



In figure|4]we present our expectations on (Ti„ei(s) and 
compare it to the available data 113 Sl 12411. in clu ding the 
new LHC measurements at ^/s -1 TeV Il36ll35ll37ll25|] 
and new data from the Pierre Auger Collaboration at 
Vs = 57 TeV (E ~ 10'** eV) [Isil. All the in- 
elastic cross-section data is well reproduced without 
any new free parameters, which indicates that both the 
model and the data are correlated with the previous fit- 
ted cross-sections by unitarity. It is interesting to note 
also that with this model we obtain essentially the same 
cross-section values that in more sophisticated models 
139,40]. 

The Pierre Auger Collaboration has recently reported 
results at energies ~ 10'^ e\U which are not easily 
explained in the framework of any standard model or 
smooth evolution 14 ll 14211 . The average depth of the 
shower maximum, X^^x and its fluctuations {RMS ) have 



a sudden change (in the case of the RMS corresponds to 
a dramatic decrease from a value of 60 g cm^ to almost 
20 g cm^ in less than an energy decade), while the num- 
ber of muons at ground, although much higher than ex- 
pected, has a smooth evolution with energy, within the 
present statistics. These results are not compatible, as 
shown by several authors (see for example 14311 ). with 
the most straightforward explanation: the composition 
of the primary cosmic rays changes suddenly from pro- 
ton to iron. An alternative explanation for a composi- 
tion change is a fast increase of proton- Air cross-section 
above a certain energy thresholcu- This approach has 
been discussed already by several authors 0451 l46l 14311 
in an empirical way. Here we purpose that a sudden 
change in the cross-section can be explained within the 
framework of a grey disk model. Indeed, in our model 
such an increase could only be obtained by a sharp in- 
crease in Q(i), and (Teller,,,,, which remain even at LHC, 
far from black-disk limit (for a recent discussion on 
cTei/o-to, see iiai). 

If we assume that at ^/s x 100 TeV Q(.s) — > 00 (or 
o'ei/cr,,,, — > 1/2) we have a sharp transition at -^ ^ 100 
TeV to a black-disk, see figures |5] and |6] This increase 
could be originated due to an increase of A which im- 
plies an increase of multiplicity as well as rise in cross- 
section. 
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Figure 5: <Tgi/<T,o, as a function of V*. plotted up to cosmic ray ener- 
gies. The full (black) Une shows the model with non-regular functions 
while the red (dashed) line represents the same model with a smooth 
transition (see text for details). 



Note that the Froissart bound is not affected. Our 
curve, in the left hand of figure |5] is below a factor 



V« ~ 100 TeV 



^There are new analyses exploring the shape of the longitudinal 
profile [44.1 that hopefully will be able to separate in a near future the 
cross-section from the hadronic models effects. 
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Figure 6: Total cross-section as a function of V* up to cosmic ray 
energies. An abrupt increase is possible without violation the Frois- 
sart limit and can accommodate the Pierre Auger Observatory data at 
energies above 100 TeV t4li1 . The full (black) line shows the model 
with non-regular functions while the red (dashed) line represents the 
same model with a smooth transition (see text for details). The upper 
scale is the corresponding energy of the cosmic ray. 



of the order of 100 in comparison with Froissart bound 
limit ll32ll . Hence, the fast evolution to a black disk at 
sqrt(s) 100 TeV would allow to have a very fast in- 
crease in the proton-proton cross-section to a value up 
to 80% more. In any case, the sharp increase of the 
cross-section should be seen as a local asymptotical be- 
haviour. 

Let us now look at our model in a representation mak- 
ing use exclusively of regular functions, without a dis- 
continuity at yi Si 160 GeV and another at yfs x 100 
TeV (see Figs. |2]and|4ll. We now consider k (see equa- 
tion |9]) a continuous function of ^/s, such that k - AY 
at low energy and k - const = B above V^ a; 160 GeV 
and behaving as a Fermi function around ^[s ^ \QQ 
TeV: 




(12) 



first transition 



second transition 



where A,B, A and 6 are free parameters. Using equa- 
tion[T2]as an input for equation|9]it is possible to obtain 
a representation of o-^i/o-toi (eq. |7]i. The red (dashed) 
curves in Figs. |2] to |6] correspond to our continuous 
representation (A = 0.89 ± 0.04; B = 5.47 ± 0.21; 
A = 1.36 ± 0.22; and 6 was fixed to 0.2). The change 
occurs mostly in the region yfs ^ 160 GeV. It would be 
nice to have more information in that particular region. 

The formation of a black disk in the way to asymp- 
totia, as advocated here, has been discussed in the lit- 



erature for quite some time (see, for instance 14811 and 

I — i 

[49]). However there are alternative approaches (see 

[50]), where the asymptotia occurs via grey disk for- 
mation. 



Final Remarks 

We have shown that a simple grey disk model, char- 
acterized only by an effective radius and an opacity, can 
be used to described consistently all the available data 
on proton-proton cross-sections (total, elastic and in- 
elastic) from V^ ~ 10 GeV - 57 TeV. 

The drastic change in the ratio of elastic to total cross- 
section in proton-proton interactions around ^/s ~ IQQ 
GeV is a well established experimental fact that has not 
so far a reasonable explanation. This fact has been dis- 
regarded by many authors, perhaps because it is only 
noticeable in this ratio (and not in the cross-section sep- 
arately) and in a proper scale. In this model, we propose 
that such a transition could be explained by an increase 
of the density Q.(s). It would be interesting to have ex- 
perimental information in the -v/i - 100 GeV region, 
where the transition from one regime to another is sup- 
posed to occur. 

At much higher energies {^fs - 100 TeV) is not yet 
clear if a new drastic change in the cross-section occurs 
but, as discussed above, such scenario should be taken 
seriously. We have shown that such a transition can be 
accommodated without violating the Froissart bound. 
Notice that with a normal growth of the cross-sections, 
a-,o, ~ \og^(s/s(y), one should reach the black disk limit 
only at very high energy (for instance, cr^,i/cr,g, ^ 0.49 
occurs for ^fs ^ 10'^ GeV). In general a rapid rise 
in cross-sections is associated to opening of new chan- 
nels. However, the opening of new flavour channels 
- contrary to what is observed in e^e^ cross-section - 
was never detected in hadron cross-sections. But in the 
present case we have perhaps not a new flavour but a 
new world of physics (for instance a new scale for com- 
positeness). 
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